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FIELDS GENERATED BY LINEAR COMBINATIONS
OF ROOTS OF UNITY
BY
R. J. EVANS AND L M. 1sAAcs()

ABSTRACT. It is shown that a linear combination of roots of unity with
rational coefficients generates a large subfield of the field generated by the
set of roots of unity involved, except when certain partial sums vanish. Some
related results about polygons with all sides and angles rational are also
proved.

1. Introduction. Let U denote the group of roots of unity in the complex
numbers and let ¢, &, ..., & € U be distinct. Suppose a,,a,,...,a, €EQ
and assume that 3, ra;¢; # 0 for every nonempty subset T C (1, 2,...,s)}.
Let a = 3j_,4;0; and define the field E = Q(¢,, . . . , &). Our main result is
that the degree d = |E : Q(a)| is bounded by some function of s, indepen-
dently of the choice of the ¢. In fact we show that d < 2*~!, For s < 4 this is
best possible and for arbitrary s we produce examples with d > (3'/3*~1,
(See §4.)

We also consider convex polygons with all sides and angles rational (angles
measured in degrees). Such an n-gon corresponds to an equality 2} _,a;6; = 0
with ¢ € U and g, € Q. We prove for n < 5 that either two sides of the
polygon are parallel or else the figure is an equilateral triangle or a regular
pentagon.

2. The main theorem. We introduce some notation which enables us to
distinguish between formal linear combinations of roots of unity and the
values of such combinations. We consider functions f: U — Q where U is the
group of roots of unity. Write S(f) = {u € U|f(u) # 0}, the support of f,
and define

F={fU->Q||S()| < =}.

For f € §, write 2(f) = 2,¢5(pf(Wu. Also, write Q(f) = Q(S(/)), the
field generated over Q by the support of f. (Note that Q(f) is Galois over Q
and that Gal(Q(f)/Q) is abelian.) Finally, write G (f) = Gal(Q(f)/Q(=(Y))).
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250 R. J. EVANS AND I. M. ISAACS

Thus |G (f)] = |Q(S) : Q(Z(/))| and our object is to bound |G (f)| in terms of
IS (-

Iff,g € F and S(f)n S(g) =D, we define f+ g € F by (f + g)(u) =
f(u) + g(u). The following definition is the key to the proof of Theorem 2.2
(b) which is our main result.

DErFINITION 2.1. Suppose f € ¥ can be written in the form f= g,
+-.-+ 4 g withr>1and S(g)# @ for 1 <i < r and such that G(f)
permutes the numbers 2( g;), preserving multiplicities. In this case we say that
[ is imprimitive. If no such decomposition of f exists, then f is primitive.

For example, if G(f) = 1 and |S(f)| > 1, then f is imprimitive. If S(f) =
{i, iw} where w = €¥™/3 and f(i) = 1 and f(iw) = 2, then f is primitive since
2(f) = — V3 and complex conjugation does not permute i and 2iw.

We need some further notation. For natural numbers n, write U, = {u €
Ulu" = 1} and Q, = Q(e*™/™). For f € F, put k(f) = min{k|S(f) C Q,}-
Thus Q(f) = Q,(;, and |Q(f) : Q| = ¢(k(f)). Also, if u € U and f € &,
define uf € F by setting uf (ux) = f(x). (Thus S (uf) = uS(f) and Z(uf) =
uZ(f).) Finally, if f = g + h with S(g) # @, we say that Z(g) is a subsum of
f. Note that if f is primitive and Z(f) # 0, then f has no zero subsum.

THEOREM 2.2. Let f € F with Z(f) # 0. Put s = |S(f)| and k = k(f). We
have:

(a) If f is primitive, then Q, ;. C Q(Z(f)) where k, is the product of those
prime divisors of k which are less than 2s.

(b) If f has no zero subsum, then |G (f)| < 2°~1.

Note that when f is primitive, part (a) of the theorem yields
|G(f)] < p(k)/9(k/ko) < ko
This bound, however, is not as good as that given in part (b). Statement (a) is
included because it gives a specific large subfield of Q(Z(f)).

We will use the fact that II,¢.p < 4*~! for all x > 1, where p runs over
primes. This is a slight strengthening of Theorem 415 [2]. The easy proof
given there can be made to yield the desired inequality. Although stronger
estimates on II,.p are available, they do not seem to be useful for
strengthening Theorem 2.2(b) because of the inductive nature of the proof.

ProoF OF THEOREM 2.2. We use induction on s. Since both (a) and (b) are
trivial when s = 1, we assume s > 1. First suppose that f is primitive. Write
G = G(f) and k = p°m where p is a prime, a > 1 and pjm.

Assume that @ > 1 and let § be a primitive p°h root of unity. Write
g =p° "' Then 1,8,8%...,87 " are coset representatives for U, in Uj
and we can write

m f=g+0g+ - +8q_lgq-1
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where S(g) C U,,. For ¢ € G, we have ¢(8') = pé’ for some p € U,, and
0< j<gq. Write p = p(i,0) and j = i-o. Note that it>i-o defines a
permutation of {0,1,...,¢— 1} and that p(i, 0) € Uen U, = U,- We
have

¢)) 0(8%) = p(i, 0)8".
Now write & = Z(f) and B, = 2(g,) so that (1) yields

q-1

©) a= 3 8B,
i=0

and

@ amo@) =S ulia)a(B,)

i=0

foro € G.

However, Q, = Qmp(6) and since |Q,: Q| = ¢(k)/p(mp) = g, it follows
that 1,8, ..., 877! are linearly independent over Q- Since B; and p(i, o) lie
in Q,,, equatlons (3) and (4) yield
) Bio = (i, 0)o( ;).

Using (2), we obtain

0(873.') = u(i, 0)8'.'00(131') = si.oﬁi'o

and therefore each ¢ € G permutes the 83, = =(8'g,). Now equation (1) and
the pnmmvxty of f yield some i such that S( g) = @ for all j # i and thus
f = 8. Since S(f) g U, /p» We see that 8 is a primitive p°th root of unity,
and so by a change of notation, we may assume that i = 1.

Now B, = 0 for j # 1 and B, # 0 since =(f) # 0. Thus (5) yields 1 - 0 = 1
and thus (8) = p(l, 0)8. Since u(l, 0)” = 1, we conclude that G fixes &7
and, hence,

) Uye-1 € Q(2(/)).

To summarize, there exist v € U, e 8 € ¥ and a function p: G — U, such
that

)] f=vg and S(g)C U
® o(v) = vu(o) foro € G.

In the case that @ = 1, we take v = 1, g = fand (o) = 1 for all 6. Thus (7)
and (8) remain valid.

Now in the general situation, a > 1, let & be a primitive pth root of unity
and write

©) g=hy+eh + - +e”7h_,
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with S () C U,,. Let 8 = =(g) and y, = =(h,). For 6 € G, write o(¢) = &'
with 1 < r(6) < p and p(0) = & with 0 < #(a) < p where p(o) is as in (8).

Ifa=1,wehave p(6) =1 and #1(¢) = 0. If a > 1, we have ¢ € U,.-1 and
hence (o) = 1 by (6). Thus we have

(10) Either r(¢) = 1forallo € Gor (o) =0foralle € G.

Also, observe that r defines a homomorphism from G into the multiplicative
group of integers mod p. ’

Foro € G write i * 0 = j if ir(6) + t(0) =j mod p and 0 < j < p. Thus
the map i+> i * ¢ is a permutation of {0, 1,...,p — 1}. Now (7) and (9)
yield

r—1
a=o8= 2 vely,
i=0
and using (8) we obtain

a=o(a)= 20 ve' * % (7).

Therefore
p—1
an 0= 20 (O(Yi) - Yi.a)el.o

foralle € G.

Now, l,e,...,e?” 2 are linearly independent over Q,,. Since 32-Je' =0
and all y; € Q,,,, it follows that all of the coefficients in (11) are equal and
thus

12) 6(Y) = Yi.o + x(0)

where x(o) € Q,, is independent of i.
Suppose x(0) = 0 for some 0 € G. Then

(13) o(ve'y) = ve'*%a(y,) = ve'* ;.

and thus o permutes the numbers ve'y, = S(ve'h,).

Assume now, that x(¢) = 0 for all 6 € G. Then equations (7) and (9) and
the primitivity of f yield that f = veh; for some i and y; = 0 for j # i. Since
Y, ¥ 0, we conclude from (13) that i * ¢ = i and thus ir(e) + #(¢) = i mod p.
If r(o) = 1, this forces 7(¢) = 0 and if r(¢) # 1, (10) yields t(o) = 0. Hence G
fixes v by (8). Also, zr(o) i mod p and thus G fixes &', Therefore, ve €
QC(f)). Since f = ve'h, S(h) C U, and ve' € U, e, it follows that vel is a
primitive p “th root of umty and thus

(14) U, € Q(2(f)) provided all x(o) =
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Suppose now that x(o) # 0 for some ¢ € G. It follows from (12) that if
Y; = 0, then y; ., # 0 and thus at least half of the y, are nonzero. Since there
are at most s nonzero y,’s, it follows that p < 2s.

Now (6) and (14) yield that U,.-: C Q(Z(S)) for all p and U,. C QE(/))
for p > 2s. This yields part (a) of the theorem since 2s is not prime.

We continue with the assumption that f is primitive and proceed to prove
(b) in this case. Let @ be the set of primes p dividing k such that U.g
Q(Z()), in the notation of the first part of the proof. By (6) we have

(15) 1Gj< II ».

PE?
If every p € @ satisfies p < s5/2, then by the remark preceding the proof we
have

IGI < 46/9-1 < 251

as required.

Let p be maximal in 9. We may thus assume that p > s/2 and also by (15)

that p > 2. We use all of the previous notation with respéct to the fixed prime
p.
We claim that #(¢) = 0 for all 6 € G. By (7) and (8), we have v8 = a =
o(a) = vu(o)a(B) and thus o(B8) = Bu(a)~". If t(0) # 0, then @ > 1 and by
(6), o fixes u(o) # 1. It follows that B has exactly p conjugates under the
action of (o) and since B €Q,,, we conclude that the image of the
restriction map G — Gal(Q,,,/Q) has order divisible by p. Therefore, there
exists a prime g|m with p|(g — 1) and such that G does not fix all g-power
roots of unity in Q,,. Thus ¢ € @, contradicting the maximality of p.
Therefore t(¢) = 0 for all 6 € G, as claimed.

Now let H = {¢ € G|r(s) = 1}. Since r defines a homomorphism from G
into the multiplicative group of integers mod p, we have

(16) |G:H|< p—1
Also,
@17 i*o=1i and o(ve’)=ve' forallo € H,

since i * 0 = ir(o) + (o) = i (mod p) wheno € H.

For 0 < i < p, write 5; = [S(h,)| and let T = {i|s; > 0}. Note that i € T
iff y; # 0 and, in fact, no subsum of #, is zero for i € T. By (14), x does not
vanish on G and thus |T| > p/2 > 1. Since =s; = s, it follows that all 5; < s
and thus the inductive hypothesis yields

(18) |G (ve'h)| < 227! forieT.

For i € T, let w, denote the restriction homomorphism H —
Gal(Q(ve'h))/Q). Since the fields Q(ve'h,) for i € T generate Q(f), we have
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N ;erker m; = 1. Therefore, if K C H is any subgroup, we conclude that
19) K| < II |m(K)|.
ieT
Suppose y; = 0 for some j. Then (12) and (17) yield x(¢) = O for allo € H,
and hence by (13), H fixes all ve'y,, Therefore, m(H) C G(ve'h). Now
(16), (18) and (19) yield

IG|<(p=1) I[ 27" = (p — 1)2-1T
ieT

and it suffices to show that (p — 1) < 2/71=1. Since |T| > p/2, the result
follows in this case.

Assume now that all y; # 0so that T = {0, 1,...,p — 1}. Since p > 5/2,
there must exist some j with.s; = 1 and we fix such a j. It is not the case that
y; is equal to a subsum of A; for every i since otherwise we could decompose
b, = b + h with Z(k)) = y; for each i, and then

= v(h;, +ehy 4. + sP"h;_,)
would yield a zero subsum for f. Choose j* such that y; is not a subsum of A,
and define/ € ¥ by

I(u) = hy(u) = h(u) forue U.

Since |S (4)| = 1, it follows that / has no zero subsum. Also

(20) S(h)u s(hy) =S()
and
21 IS <1+s5<s

where the latter inequality holds since p > 2 and all s; > 0.

By (12) and (17), H fixes all v, — v; and, in particular, H fixes 2(/) = v, —
Y;- Let K be the kernel of the restriction map =: H — Gal(Q(/)/Q). Then
a(H) C G(/)and

(22) \H: K|=|n(H)| <|G(!)| < 27

by (21) and the inductive hypothesis.

Since y; € Q(k) C Q(/) by (20), we see that X fixes ¥; and thus x vanishes
on K by (12) and (17). By (13) then, 7(K) C G (ve'h) for all i. Since K fixes
ve’ by (17), and fixes all elements of S (h;) by (20), we have m(K) = 1. Now
(18) and (19) yield

|K|< I 271 = 25-9-p+1,
i)

Combining this with (22) and (16), we obtain
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|G| < (p — 127D < 20,
This proves (b) for primitive f € F.

Now suppose that f € ¥ is imprimitive and has no zero subsum. Write
f=fi+ .+ +f where S(f) # @,r > 2, and G = G(f), permutes the
2(f). Let H = {¢ € G|a(Z(f)) = Z(/f,) for all i}. Then G/H is isomorphic
to an abelian subgroup of the symmetric group on r symbols and, hence,

(23) |G : H|<[37]

by [1]. Let 4,: H — Gal(Q(f)/Q) be the restriction map. Then #,(H) C G (f)
and, reasoning as above, we obtain

n r
H|< |6 <2
i=1
By (23),
|G| <[373]2r < 227N,
This completes the proof. []

3. Rational polygons. If IT is an n-gon in the complex plane, we can view II
as a vector diagram showing that a certain sum of n complex numbers is zero.
Suppose that all sides and angles of II are rational (where angles are
measured in degrees). After a suitable rotation, the sides of II correspond to
positive rational multiples of roots of unity and we have an expression of the
form 37_,a,, = Owithg € Uand g, € Q, g, > 0.

For simplicity, we shall consider only convex n-gons II whose interior
angles are all less than 180°. Then all ¢ are distinct and in the notation of §2
we have 2(f) = 0 where f € F is defined by S(f) = {¢} and f(¢,) = a;. We
mention that IT has a pair of parallel sides iff ¢ = — ¢ for some i, j. Also,
note that rotation of II through a rational angle is equivalent to the replace-
ment of f by uf for some u € U.

If h = by + h, € F with S(h;) # 0, we shall say that each Z(k,) is a proper
subsum of A. Note that if f corresponds to IT as above and n < 5, then f has a
zero proper subsum iff I has a pair of equal and parallel sides.

THEOREM 3.1. Let f € F with 2(f) = 0 and assume that all proper subsums
of f are nonzero. Let s = |S (f)|. Then there exist v € U and g € F such that
S = vg and k(g) divides 11 ,¢.,p where p runs over primes. In addition, if s is
prime and f(u) > O for all u, then either skk(g) or else k(g) = s and g is
constant on U,.

Before proving the theorem, we mention some applications to rational
n-gons with n < 5. Results for n > 6 are more complicated to state and we
omit them.
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COROLLARY 3.2. Let II be a convex n-gon (with interior angles less than
180°). Let n < 5 and assume that all sides and angles of 11 are rational. Then
one of the following occurs:

(a) I1 is a regular pentagon.

(b) IT has a pair of equal and parallel sides.

(c) All angles of 11 lie in {60°, 120°}.

PROOF. As in the first two paragraphs of this section, II yields some f € &
with |S(f)| < 5,f(u) > 0 for all u € U and Z(f) = 0. If f has a zero proper
subsum, then (b) occurs. Assume this is not the case. By Theorem 3.1,
therefore, we may assume (by rotating IT so that f = g) that k(f) divides
2:3-5.

If 5tk(f), then S(f) C Ug and (c) follows. Suppose S|k(f). Then the
theorem yields that S(f) = Us and f is constant on Us. In this case, (a) holds.
O

As an easy consequence of Corollary 3.2, we mention the following.

CoRrOLLARY 3.3. Let II be a convex n-gon with n < 5 and all sides and
angles rational. Suppose that no two sides of I1 are parallel. Then either 11 is an
equilateral triangle or it is a regular pentagon.

ProOF OF THEOREM 3.1. Choose u € U so that k(uf) is as small as possible
and write g = uf. Let k = k(g) and write k = p°m where p is prime, a > 1
and pjm. Let § be a primitive p “th root of unity.

First assume @ > 1 and write ¢ = p®~! and

g = ho'i' 6h| 'i' AR 'i' 8q-lhq_l
with S(#) € U,,. Since L, §,..., 897! are linearly independent over Q.

and 2(g) = 0, we have Z(h;) = 0 for all i. Since g has no zero proper subsum,
we must have g = 8, for some i. Since

k(h) < mp < mp® = k(g),

this contradicts the choice g and we conclude thata = 1.

Now write

g = ho'i' 8hl "i' M 'i' sp_lhp_l

with S (k) C U,,. Since 1, 8, 8% ..., 8772 are linearly independent over Q,,
and 27278’ = 0, we conclude from Z(g) = 0 that all Z(h,) are equal, say to y.
If y = 0, then the condition that g has no zero proper subsum forces g = 8,
for some i and this yields a contradiction as above since k() < k(g).

It follows that y 7 0 and thus S (k) # O for all i. In particular, this forces
p<s.

To prove the final assertion, suppose s = p and that g(x) > 0 for all
x € U. We have then |S ()| = 1 and we write S(h) = {g}. Now h(g) > 0
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and gh;(¢) = y. This forces all ¢ to be equal, say to e. Then ¢ is a primitive
mth root of unity and g = eg, where S(go) C U,. The minimality of k(g)
forces m = 1 and hence ¢ = 1, S(g) = U, and g has the constant value y on
U. O

We give one further corollary.

COROLLARY 3.4, A triangle with rational angles and two rational sides is
either isosceles or else is a 30°-60°-90° triangle.

PROOF. Let triangle ABC have rational angles and assume that sides AB
and AC are rational. If Z B > 90°, reflect side AB about the altitude drawn
from 4 so as to obtain a new triangle AB’C which also satisfies the
hypotheses. We may thus assume that Z B < 90° and £ C < 90°.

Now reflect the triangle about BC so as to obtain the figure BACA’. If
£ B = 90°, this figure is the triangle ACA’ and is equilateral by Corollary 3.3.
This yields ZA = 60° and Z C = 30° as desired.

Suppose £ B < 90°. Then BACA’ is a convex quadrilateral and has a pair
of parallel sides by Corollary 3.3. If, say, AB and CA’ are parallel, we have
LABC = LA'CB = L ACB and the triangle is isosceles. [J

4. Examples and remarks. For each s < 4, we exhibit a primitive f € F
with 2(f) # 0 such that |S(f)| = s and |G(f)] =2°~". In particular, this
shows that Theorem 2.2(b) is best possible for these s. For s = 1 the situation
is trivial. To handle the cases s = 2,3 and 4, we introduce the notation
w = e?/3 and ¢ = ¢*"/5, We have

i(1+2w)=-V3, i(l+2+28)=iV5,
i(—0— w42 +28)=iV5.
Each of these sums has degree 2 over Q and

lQ(i, iv) : Q|=4, |Q(i, ie) : Q|=38, |Q(iw, i) : Q|= 16.
These yield the desired examples. (We omit the proof of primitivity.)

LEMMA 4.1. Let f € F with no zero subsum. Then there exists g € F with no
zero subsum such that

@1[G(g) > 3G (N

®) IS()| = [S(N] + 3.

Proor. Choose a prime ptk(f) such that p =1 mod 3 and let ¢, be a
primitive pth root of unity. Let ¢ € Gal(Q,/Q) be of order 3 and write
& = o(g) and &, = o(¢)). Let h € F with S(h) = {e; ¢, ¢,} and h(g) = 1.
Let g = f+ h. Thus (b) follows. Since 1, €g, €, € are linearly independent
over Q(f), it follows that g has no zero subsum. Finally, G(g) contains a
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subgroup isomorphic to G(f) X <o) and so |G(g)| > 3|G(H. O

THEOREM 4.2. Let s be a natural number. Then there exists f € § with no
zero subsum and such that

@SNl =s,

®) |G(NH] > @7

Proor. We use induction on s. For s = 1, 2 or 3, the result follows from the
examples at the beginning of the section. For s > 3, the result follows using
Lemma 4.1 and the inductive hypothesis. []

Note that for s > 3, the proof of Theorem 4.2 produces examples which
are not necessarily primitive. The authors conjecture that for primitive f € &
with 2(f) # 0, a bound for |G ()| exists which is of significantly smaller
order of magnitude than an exponential function of s = |S (f)].

We also believe that Theorem 2.2(b) would remain true if 2°~! is replaced
by C (3'/3)* for a suitable constant C. Note, however, that an improvement of
the bound on |G (f)| for primitive f would not, by itself, yield an improved
bound in the general case.

We close with some questions. Suppose E is an arbitrary field of character-
istic zero and that f: U — E has finite support and no zero subsum. View U
as being contained in an algebraic closure of E. Is | E(f) : E (Z(f))| bounded
in terms of s = | S (f)|? Does there exist a uniform bound, independent of E?
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